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penetration parameter in Equation (17), dimen-
sionless

Fanning friction factor defined by Equation (8),
dimensionless

conversion factor = 32.2 (lb. mass) (ft.)/(Ib.
force) (sec.?)

universal constant in Equation (17), dimension-
less

Prandtl mixing length, ft.

Reynolds number defined by Equation (7}, di-
mensionless

radius to an arbitrary point in the fluid, ft.
radius of maximum velocity, ft.

radius of tube, ft.

= hydraulic radius for the portion of the stream

between r,, and 7, ft.

hydraulic radius for the portion of the stream
between r,, and the boundary s, ft.

local fluid velocity at radius r, ft./sec.

maximum local velocity of fluid, ft./sec.

bulk average linear velocity of fluid, ft./sec.
normal distance from wall of conduit, ft.

Greek Letters

€ =

83 VO E
| 1 T

local eddy viscosity at radius r, lb. mass/(sec.)
(ft.)

velocity-mean eddy viscosity between the bound-
ary s and radius 7, lb. mass/(sec.) (ft.)
velocity-mean eddy viscosity between the bound-
ary s and the radius of maximum velocity, Ib.
mass/ (sec.) (ft.)

criterion parameter defined by Equation (10),
dimensionless

fluid viscosity, Ib. mass/ (sec.) (ft.)

fluid density, cu. ft./Ib. mass

local shearing stress, Ib. force/sq. ft.

skin friction at boundary s, Ib. force/sq. ft.
damping factor in Equation (17), dimensionless
distance parameter defined in Equation (5), di-
mensionless

= distance parameter defined in Equation (6), di-

mensionless

Subscripts

1 = inner boundary of annulus or portion of stream
between 7, and ry

2 = outer boundary of annulus or portion of stream
between 1, and ry

i = equivalent tube ¢ or p, whichever is pertinent

L = laminar flow

m = maximum velocity or its position

P = tube equivalent to inner portion of annulus be-
tween 1y, and ry

s = boundary s or portion of stream between r, and
Ts

¢ = tube equivalent to outer portion of annulus be-
tween r,, and 7y

c = critical value at onset of disturbance eddies
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The Structuring of Process Optimization

JAMES H. CHRISTENSEN

University of Wisconsin, Madison, Wisconsin

The efficiency of process optimization by mathematical programming can be increased by tear-
ing, that is, rearranging the design equations so as to reduce the number of equality constraints.
The structure of o system of equations may be depicted as an undirected bipartite graph;
olgorithm |-T utilizes this groph to determine on order of solution for the equations which
requires no tears. If this is impossible, then algorithm 1I-T uses indexing in conjunction with
algorithm [-T to produce an order which minimizes the number of torn equations. This procedure
is extended to the problem of minimum recycle parameters, and the two-way interaction between
tearing and algebraic simplification is illustrated.

THE STRUCTURING OF PROCESS OPTIMIZATION

The problem of optimizing a process design may be
stated in general algebraic form as:
Maximize the objective function

James H. Christensen is at the University of Oklahama, Norman, Okla-

homa.
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z(xlix23 ""ax") SZ(X) (1)
subject to the equality constraints
filxy, %, ..., %) =0, i=12 ...,m
or
f(x) =0 (2)
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in vector form. These equations may represent material or
energy balances, kinetic equations, etc., and are often
referred to as the design equations. In addition, the vector
x of process variables may have to satisfy inequality con-
straints of the form

hi(x) 20, i=1,2, ..., my; equivalently, h(x) =0
(3

These may be, for instance, limitations on the maximum
temperatures attainable, availability of raw materials, phys-
ical impossibility of negative concentrations, flow rates, etc,
DiBella and Stevens (1) present a good example of this
way of formulating the problem in the optimization of the
steady state material balances of a small chemical process
originally presented by Williams and Otto (2) as an ap-
plication of computer control. DiBella and Stevens describe
the system in terms of nine design equations in twelve
variables; however, the introduction of five additional
equations (fio through fi4) and variables (¢, t, Ry, Ra,
and Rg) greatly simplifies the form of the equality con-
straints, as follows:
(4)
Equality constraints:

Overall material balance:
ft=Fa+Fg—~F¢—Fp—Fp=0
Azeotropic separation in column:
fo = Frp — 0.1Frg — Fp =0
Overall balance on component E:
fs = Fred — (Mg/Mp)R; =0
Overall balance on component P:
fo =Ry — (Mp/Mc)R3 — (Frp — Fp)¢ — F, =0
Overall balance on component A:
fs = Fa— By — Fra¢ =0
Overall balance on component B:
fo=Fp — Ry — Ry — Fradp =0
Overall balance on component C:
f1 = (Mc/Mp) (Ry — Ry) — Ry — Frep =0
Overall balance on component G:
fs = (Mg/Mc)R; — Fg =0

Definition of Fg:
fo = Fr — Fra — Fr — Frc — Fre
— Fpp—Fe =10
Definition of ¢:

fio=1t — Vp/Fg? =
Kinetic equation for reaction 1:

fir= Ry — Aie=B/T Fp Frpt = 0
Kinetic equation for reaction 2:

fiz = Ry — Age™B/T FrpFrct =0

Kinetic equation for reaction 3:
f13 = R3 — A33_33/T FRPFRCt =0

Definition of bottoms split ratio ¢:
f14:¢—FD/(FR—F(;—FP) =0
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Inequality constraints: (5)
hy=T—-580=0

hy =680 — T =0
hy=1—¢=0

hy through hye. All variables (except T, which is
already constrained by hy and hy) = 0

Objective function: (6)
Percent return:

—0.37 Fg)/Vp — 10

The flow rates F are in pounds per hour; reactor capac-
ity Vp is in pounds; the M, represent the molecular weights
of the respective components; and the kinetic constants are
based on mass fraction and temperature T in degrees
Rankine. The values of the constant parameters of the
system are given in reference 1.

The development of the objective function is given by
Williams and Otto (2); its general form is explained by
noting that P is a salable product and D a fuel which may
be used for process power generation. Costs for cooling
water and other utilities are roughly proportional to the
total throughput Fg, while costs for waste disposal depend
on the amounts of components A, B, and G present. The
total investment is approximately scaled to the capacity
Vp of the reactor, and fixed costs are approximately 109
of the total investment.

This type of problem may be solved by the techniques
of mathematical programming. If the constraints and ob-
jective function contain solely linear functions of the vector
x of process variables, then the well-known and efficient
simplex method of linear programming or one of its vari-
ants may be used (3). If the problem contains nonlinear
functions, then many nonlinear programming methods are
available (4 to 6). It is characteristic of mathematical pro-
gramming methods that the computational effort required
to solve the problem increases very rapidly with the num-
ber of constraints. A generalization of a previous paper
(7) will now be presented which will use the structure of
the system of equations to reduce the number of equality
constraints which actually enter into the mathematical
programming problem.,

State and Design Variables

The basic procedure will be to rearrange the vector x
so that it may be partitioned into two parts: the state
variables x; = (%, %, . .., ¥m—k) and the design variables
X4 = (Xm—k+1, - .., %a). This partition is chosen such that
the state variables may be computed noniteratively as func-
tions of the design variables; that is, the equality constraints
may be rearranged to give

x=g (%1, .., %i—1, %), t=1,...,m—k
[equivalently, x; = g(x4) ]; (7)
filx,x4) =0, i=m—k+1,...,m

The programming problem may then be rewritten as

maximize 2[g(xq), Xa] 1
subject to  fg {g(xa), x4] = 0 (8)
and h [g(xq), xa] =0 ,{

Each state variable has been assigned as the output vari-
able of a design equation. The total number of inequality
constraints has been reduced to the k equations in the tear
set £, so called because the problem is torn apart at these
equations, and it is up to the mathematical programming
method to put it back together again by adjusting the
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design variables to maximize the objective while satisfying
the torn equations. Some means must now be found to re-
duce as far as possible the number of tears k.

Graphical Representation

The directed graphs representing recycle calculations
(8) are inadequate to represent the present problem be-
cause the outputs of each equation are not fixed at the
outset. Furthermore, the equations and variables may not
be neatly associated into units and streams such that each
stream links only two units.

A more adequate representation is provided by the
bipartite graph (9) often associated with similar assign-
ment problems (3, p. 367). This graph will consist of two
sets of nodes. Each equality constraint will be represented
by a separate node in the set of f nodes, and each com-
ponent of the vector x of process variables by a separate
node in the set of x nodes. An edge connecting f node f;
and x node x; will correspond to an appearance of variable
x; in the equality constraint f; = 0. The edge (f;, x;) will
be directed from f; to x; if x; is chosen as the output of
the equation f; = 0; otherwise, the edge is given the re-
verse direction; that is, x; is an input to f;.

Consider, for example, the countercurrent stirred-tank
reactor problem with N stages, discussed in references 8
and 10. A computational scheme which iterates upon only
two variables, independent of the number of stages, might
be the following:

1. Assume values for the set x4 = (4;, B;).

2. Compute A;;; from the equation f4; = 0 and Bi.,
from fgi = 0, inorder fori = 1,2, ..., N — 1.

3. Compute fq = (fan, fsn), and iterate upon x4 to
force f4 to 0.

For N = 3, this corresponds to the acyclic graph of
Figure 1. A system of six equations and variables has thus
in effect been reduced to one of two equations and vari-
ables. This iteration scheme is essentially the same as one
of those proposed by Frank (10) and is in fact k minimal,
as will be shown later,

ALGORITHM I-T FOR ACYCLIC
OUTPUT SET ASSIGNMENT

If the f nodes corresponding to the tear set f; are re-
moved from the graph, then the remaining subgraph must
be capable of assignment of an output set (12) yielding
an acyclic directed graph in which each f node has ex-
actly one output ang each x node has at most one input.
Algorithm I of (7) is based on the fact that such a graph
must have at least one x node with exactly one edge. This

A1 a2 faa

k=) a2 (=%

Fig. 1. Acyclic output set assignment.
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is so because every directed path in the graph must ter-
minate by definition, and since every f node has one out-
going edge, the path must terminate at an x node with
one incoming edge and no outgoing edge. If this x node
and the f node of which it is the output are deleted, the
remaining subgraph must also be acyclic and satisfy the
same assignment criteria. The deletion process can thus be
repeated until only the x nodes corresponding to design
variables are left, unattached to any f nodes. The order
in which the equations may be solved is then given by
the reverse of the order of deletion.

For example, if the tear set (fas, fp3) is deleted from the
graph of Figure 1, deletion may proceed in the order
(f2, Bs), (faz, As) (fs1, Bz), (fa1, Az). X nodes A; and
B, are then left unattached and constitute the design
variable set. Algorithm I-T, with the flow chart shown in
Figure 2, represents the systematic application of this
deletion process to determine whether a proposed tear set
can produce an acyclic output set assignment.

A LOWER BOUND ON k*

One means of reducing the combinatorial effort of find-
ing a feasible tear set yielding a minimum number k* of
tears would be to obtain a lower bound ki, for the num-
ber of tears in any feasible set. Assume that algorithm I-T
has been applied to the original undirected graph of
the system. If the remaining graph G, is not empty, then
acyclic assignment with k = 0 is impossible; furthermore,
any x node x; in Gq has at least two edges, that is, its
local degree p(x;) Z 2. One now deletes a trial set of
f nodes from G, and uses algorithm I-T to determine if
the set is feasible. But algorithm I-T cannot produce any
assignments unless this deletion yields at least one x node
with at most one edge; hence, one needs at least

kmin = min P(xj) -1 (9)
Go

INDEXING

Since, with any feasible choice of a trial tear set, al-
gorithm I-T will immediately assign and delete an x node
with just one edge, one might as well get a head start on
it by deleting the x node and all its attached f nodes. It

Delete x.

Delete f;
froma <

from G

Fig. 2. Flow chart of algorithm 1-T.
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Beai Let O = |
egn (f;,Xg), O
\/
Let s=k=0
O empty L(e;: e
Apply
Algorithm
=T to Gg

)

Is Gg Delete next
empty 2 E index f;
Pty % from Gg
Yes No
Solution Select Xg*
order O has delete
k tears from Gg
\l/ %
Let
Gg1 = Gs
s=s4+1

Fig. 3. Indexing on & sequence of nodes.

then makes no difference to which f node the x node is
assigned as an output; the remaining f nodes will consti-
tute the trial tear set. Since the x node will be an input
of, or point to, the tear set, it will be called the index node,
and the set of nodes consisting of the index node and all
its attached f nodes will be designated as the index set.
The process of deleting an index set and applying algorithm
I-T to the resulting subgraph will be referred to as
indexing on the corresponding index node.

When k* = ky;n, indexing on a single node will pro-
duce a minimal tear assignment. For instance, in the exam-
ple of Figure 1, kyyn = 2 at x nodes Ay, B;, Az, and Bs.
If, for example, the tear set (Bj, fas, fos, fsa) is deleted,
algorithm I-T will produce the same deletion sequence as
before, with the exception of (fsz, Bs). Bs may now be
assigned as the output of either fas, fps, or fse, with the
remaining two f nodes forming the tear set f4, and an as-
signment has been found with k* = kmin = 2 tears.

Another case in which k* = kpn is the process optimiza-
tion example given at the beginning of this paper, where
kmin = 1 at x nodes Fa, Fp, and Fp. Indexing on F4 yields
FRP: (f2’ FRE); RZ) (f31 ¢)7 (f‘b R3); Rb (f7’ FRC); T’
(f13, t), (f12, Fra), (fe, F8), (fu1, Fra), (fs, Fc), (fo, Fr),
(fis, Fp), (fs, Fa), f1, (fi0» V) as an order in which the
equations may be solved with k* = 1 tear. Output assign-
ments are here indicated as parenthesized (f, x) pairs,
and design variables and torn equations are unparenthe-
sized.

An extreme case in which k* = kuyi occurs when each
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variable appears in all the equations. Then kpm = m — 1,
and deletion of any index set deletes all the f nodes. All
the other variables then are the set x4, and k* = kyn =
m — 1; hence, for any system, kmin = k* =m — L.

SEQUENCES OF INDEX NODES

When k* > kpym, it may be necessary to index on a
sequence of nodes (X;, X, ..., X;) in order to produce
an assignment. This is done by applying algorithm I-T to
the original graph, producing a first subgraph G,. One
then indexes on X;, producing G,, then on X,, producing
G, etc,, until indexing on X, produces an empty sub-
graph G;. The order of solution of the equations is then
reconstructed from the reverse of the partial sequences
produced by algorithm I-T. This indexing procedure is
represented schematically in Figure 3.

As an example, consider the original system of equa-
tions given by diBella and Stevens (1) without benefit of
the additional definitions fjo-fis, which has the structure
shown in Table 1. It will be shown later that k* = 3 for
this example; an index node sequence producing this
number of tears is (F4, Fp). Thus, deletion of the index
set (Fa, f1, f5) from Gy yields the single assignment
(fe, Fg); now, deletion of (Fp, fs, fs, f7) from G yields
the assignments (fg, FRB), FRra, (fs, FRr), Fg, V, Fre, T,
(fs» Frp), Fre, giving an empty G, A solution order is
then FRE: (fz, FRP), T: FRC, V’ FG’ (fS’ FR); FRA’ (fQ:
Fra), (fs, Fp), fs fr, (fe, F8), (f1, Fa), fs.

It is apparent that the number of tears required to
index on a sequence of nodes is given by

8

ks = 2 P(Xf)r—l -1 (10)

r=1

where p(X,),_, is the local degree of index node X, in
subgraph G, . Thus, in the above example, k, = (2 — 1)
+ (3—1) =3.

Equation (10) may also be expressed recursively by
letting k, be the number of tears required to index on the
sequence (Xy, ..., X;); then

kr=kr~1+P(Xr)r—1_ 1 (11)

where 1 =r = s, and ky = 0 by definition.

The minimal tear problem may now be restated as fol-
lows. Find an index-node sequence (X, ..., X;) which
transforms Gy into an empty graph for which the quantity
ks defined in (10) is a minimum k* over all possible
sequences.

THE FORWARD PASS, DUALITY, AND INCONSISTENCY

The number of possible index-node sequences may
often be reduced by assigning an output to any f node
which has just one edge and by deleting the (f, x) pair
from the graph. If the x node were not assigned as the
output of the f node in a minimal tear assignment, then

TaBLE 1. THE ORIGINAL SYSTEM OF DIBELLA AND STEVENS (1)

Equation Variables
f1 Fa, Fp,Fg, Fp
f2 Frp, FrE
fs FrB, Fre, Fr, V, Fp, Frg, Fg, T
fa Frp, Frc, Frp, V, Fr, T, Fp, Fg
fs Fra, Frg, V, Fr, Fp, Fg, F4, T
fs Fra, Fry, Fre, V, Fr, Fp, Fg, F, T
fr FRra, Frp, Frc, Frp, V, Fr, T, Fp, Fg
fs T, Frc, Frp, V, Fr, Fg
fo Fra, Fra, Frc, Fre, Fg, Frp, Fr
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First time
through

T= ijT (f|'xj)'T
Delete x; Delete f;

from NJ <}——— from N

Fig. 4a. Flow chart of algorithm !I-T.

the f node would have to be in the tear set. But then the
x node would have to be an index variable and could al-
ways be reassigned as an output of the f node without
changing the minimality of the assignment. The deletion
process may be repeated until there are no f nodes left
with just one edge.

This is the first part of algorithm I in reference 7 and
will be called the forward pass, since deletion proceeds in
the same order in which the equations may be solved, in
contrast to the reverse pass of algorithm I-T. The forward
pass need not be applied to any subgraph after G,, since
deletion of an index set does not decrease the local degree
of any f node remaining in the subgraph.

This procedure is the equivalent of applying algorithm
I-T to the graph of the dual problem (3, pp. 221 to 39),
that is, a graph in which the x nodes are relabeled as
f nodes and vice versa. One may thus encounter the dual
of a design variable assignment, that is, an f node with no
outputs. This means that the portion of the graph so as-
signed contains fewer x nodes than f nodes, as illustrated
in reference 7. Thus, Hall's diversity criterion (9) is not
satisfied, and the f node so assigned is a priori algebrai-
cally redundant or inconsistent.

AN EXCLUSION CRITERION

The number of sequences to be examined can be dras-
tically reduced by excluding from consideration those
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ineligible Q=0 ?»
in Gq
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Let
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AIChE Journal

Fig. 4b. Flow chart of algorithm II-T,

which cannot pessibly produce fewer tears than sequences
which have already been considered. A criterion for this
exclusion can be developed as follows. Let (Xq+1, ...,
X,) be a sequence of index nodes which transforms sub-
graph Gy into G, and let X, +, be an index node transform-
ing G, into Gr+1. Then, from Equation (11)

krri =k + p(Xr41),— 1 (12)

Now, if indexing on X, transforms G, into G’q+1, then
obviously all the nodes of G are also contained in G’q+1
(Gr41 € G'q41); hence, at least as many tears are required
to transform G’g4; into an empty graph as to transform
G,+1 into an empty graph. Thus

Koe® 2k 11 (13)

where k,* represents the number of tears required to
transform an arbitrary subgraph G, into an empty graph.
Note that by this definition, k* = ko®.

Now, if
P(Xr+l)q—P(Xr+l)r§kr—kq (14)

then solving (12) for k,, substituting the result into (14),
and rearranging we get

p(Xrt1)g— 12 kst (15)
Adding this expression to (13) we get
p(Xpi1)g— 1+ Kair® Zkrsr + k%41 (16)

This means that if condition {14) is met, then G, cannot
be transformed into an empty graph by any sequence
beginning with X,,; with fewer tears than by the se-
quence (Xg, ..., X;, X¢41). Xry( may thus be marked
ineligible for indexing on G,.

The criterion (14) may also be applied to nodes X,
which are not actually in X,, by setting p(Xes1), = 1,
since indexing on such a node would give k,+; = k. Such
a procedure is adequate for marking X, + itself ineligible
in G,, which is necessary to prevent repeated examinations
of the same sequence.
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ALGORITHM II-T FOR MINIMUM TEARS

The above considerations are incorporated into al-
gorithm II-T for finding a minimum tear assignment by
indexing, shown in Figures 4a, b, ¢. The bottom half of
Figure 4a will be recognized as the application of al-
gorithm I-T to transform subgraph N from G, to G,:1.

Figure 4b shows the use of criterion (14) in the learn-
ing step of the algorithm which encodes the experience
just obtained by eliminating unprofitable sequences from
future consideration. Note that the testing of a variable for
eligibility in higher subgraphs can cease as soon as the
criterion fails; that is

p(x)q — p(x;)n <kri1 — kg (17)
for, if the test were to succeed in G, with p < g

p(x)p — p(x))n Z k1 — ky (18)
Then, taking the negative of (17) and adding, we obtain

p(x))p — p(x) 8 > kg — kp (19)

and x; would already have been marked ineligible in G,
by a previous step.

The right half of Figure 4c represents the search for a
new indexing step which might yield fewer tears than the
minimum found to date, while the left half is the pro-
cedure for resuming the search at the next higher level.
This is done either when a new minimum k* is found or
when a search on the present subgraph cannot possibly
find a smaller k*. The search is terminated at step 5 when
a search on Gy cannot further improve k*.

This algorithm meets the need expressed in reference 7

3 an

eligible X;
in N with
d edges ?

No Yes
Let N=Gp_q Xr_H = x;
T=TN~N kr+1= kp+d
r=r-1 ) -1

Delete index

set from N
add to left
end of T

Forward

pass + O -
=

has k* tears

Fig. 4c. Flow chart of algorithm II-T.
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TABLE 2. APPLICATION OF ALGORITHM II-T TO THE SYSTEM OF
TasLE 1
Step 1: Index F4 on Gy
Assignments: f1, (fs, Fa), (fo, FB)
Nodes marked in Go: Fa, Fg, Fp, V, T, Fr, Fg, Frc, Frs,
Fra

Step 2: Index Fr4 on Gy
Assignments: f7, (fo, Fra)
All nodes marked in Gy
Frp marked in Gy

Step 3: Index Fp on Gy

Assignments: fs, (fs, Fp), Frs, (fs, V), T, Fr, Fe, Fre, (fo,
Frp), Fre
All nodes marked in Ga

Gj is empty; set k* = 3; ascend twice
Step 4: Index Frg on Gy
Assignments: f2, fs, (fo, FrE)

FrEg marked in Go
All nodes marked in Gy; can’t ascend; end of algorithm

Final order:

FRE, (f2, Frp), Fre, Fg, Fr, T, (fs, V), Fre, (f1, Fp),
fa, (fo, Fra), f1. (fé, FB), (fs, Fa), f1

for an efficient means of directing the search for a minimal
tear assignment. Memory requirements are not large, since
relatively few subgraphs, namely G, through G,, need be
retained. For example, the application of the algorithm to
the system of Table 1 is shown in Table 2. Note that a
maximum of four subgraphs had to be retained in memory,
and that only four trial indexing steps were needed to
find that k* = 3 tears. The optimal index-node sequence
(Fa, Fra, Fp) produces the same number of tears as the
sequence (Fa, Fp) examined previously, because p(Fp)
is reduced by indexing on Fra in going from G; to G..

Algorithm II-T has been programmed in SNOBOL and
FORTRAN II for the IBM-1620 computer and used to
solve example problems from a variety of sources (for
example, 11, 12). No more than four tears are required
in any of these problems which have up to forty-five
equatians and variables each. Tearing is thus a powerful
tool for simplifying the algebraic and numerical analysis
of models of systems with large numbers of interacting
units, such as those encountered in chemical process de-
sign and economic modeling.

COMPARISON WITH PREVIOUS WORK

The inventor of the term tearing was Kron, one of the
earliest practitioners of the piece-by-piece solution of large
systems (13). His insight appears limited to systems which
can be reduced to equivalent electrical network problems
and hence lacks the generality of the algebraic approach
taken in this paper.

The method of tearing presented here is less strict in its
output set requirements than previous methods (7, 12)
in that it is not required that the equations in the tear set
have as outputs k of the design variables, the tear vari-
ables. This often allows an acyclic assignment with fewer
tears than the latter method. For instance, in the counter-
current-reactor example, it is difficult to envision-an order
using tear variables which involves fewer than N tears,
compared with only two torn equations independent of the
number of stages N.

PARTITIONING

Steward (I12) notes that when m = n, the solution
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of the system of equations may be speeded up by parti-
tioning the equations into blocks such that iteration takes
place within but not between the blocks. This is similar
to the partitioning of recycle computations discussed pre-
viously (8). Such blocks are easily detected in the final
order given by algorithm II-T; an iterative block is found
whenever the number of torn equations is equal to the
number of design variables. Because of the relaxed output
set assignment criterion, the partition is not unique over
all possible output set assignments as is Steward’s. Because
of this nonuniqueness, partitioning before tearing, as
Steward recommends, may yield blocks which cannot be
torn to give the true minimum total tears. Thus, algorithm
II-T gives a single block with k* = 2 tears for the twenty-
six equation example in which Steward finds two blocks
with one and three tears, respectively.

ELIMINATING TRANSCENDENTAL EQUATIONS

If algorithm II-T assigns a variable as output of an
equation in which it appears transcendentally, then the
equation would have to be solved iteratively. This may
greatly increase the time required to solve the problem
because of the additional computation needed to perform
this internal iteration within the nonlinear program, and
because of the truncation errors which may be introduced.

This situation can be avoided by making all the equa-
tions nontranscendental through the introduction of
dummy variables. For instance, the equation

f=y—xe=0 (20)

can be solved algebraically for y but not for x. If, how-
ever, the single Equation (20) is replaced by the two
equations

f=2—€e=0, f=y—xz=0 (21)

then either equation can be solved algebraically for any
of the variables appearing in it. Note that the first equation
serves to define the dummy variable z, and that the con-
straint z — d = 0, where d > 0, must be added to the
inequality constraints. Also, since the function xe® attains
a minimum at x = —1, y must be constrained by y —
e" 1z 0.

REDUCING TEARS BY ALGEBRAIC SUBSTITUTION

The representation of the system of diBella and Stevens
was chosen in order to provide clarity and compactness
in displaying the equations. However, it turns out that
this system requires only one tear, as shown previously, in
comparison with three for the original system shown in
Tables 1 and 2. Algebraic substitutions such as those in
Equations (4) fio14 can thus reduce k* by decoupling
the equations through a reduction of the number of vari-
ables per equation.

There does not appear to be any general rule for pre-
dicting when substitution of a new variable for a com-
bination of variables will reduce k®. However, it certainly
will not increase k* and hence is advisable whenever the
combination appears in two or more equations. This re-
guires a good eye for combinations and at present can be

one more efficiently by a human being in formulating
the problem than by a computer in analyzing it.

ELIMINATING REDUNDANT CONSTRAINTS

In solving Equations (4) numerically in the order indi-
cated earlier, one finds that the torn function f; is equal
to zero for any value of the design variables; thus, the
equation f; = 0 is redundant. This is due to the fact that
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diBella and Stevens, in formulating the problem, used
both an overall material balance (f;) and balances for
each of the components (fsg, fi4), which constitute a re-
dundant subset of equations.

The elimination of the redundant torn equation f; = 0
gives a zero tear ordering which contains no redundant
equations. This is obvious, since the Jacobian matrix
(of/9x;) of the ordered system is triangular, and, since
each equation can be solved for its output, the diagonal
elements are nonzero. Hence, the Jacobian is nonsingular,
and x; can be determined as the vector function g(x4)
(14).

Solving the equations algebraically in the order given
by algorithm II-T will show if any of the inequality
constraints on the state variables are redundant and can
be eliminated. Thus, rearranging the order slightly to
simplify the algebra, we get

Design variable: Frg
fo: g = Frp=Fp+ 0.1 Fre
Design variable: ¢
fs: g = Ry = (Mp/Mg)Frié
fao g = Ry = (Mc/Mp)

(Ry — Fp — Frpd + Fpé)
Design variable: Fgc
fr+ gs= Ry = (Mp/Mc) (R3 + Frcd) + R
Design variable: T
Calculate k; = Ae~ BT, §{=1,2,3
fis:  gs =t = Rg/ksFrpFrc
fiz: 86 = Fre = Ro/koFret
fe: g1 = Fp =R, + Ry + Frpé
fir:  gs = Fra = Ry/kiFrat
fs: g0 = Fc= (Mc/Mc) R,
fo: g0 = Fr = Fra + Frp + Frc

+ Fre + Frp + Fg¢

fie: g1 =Fp=¢(Fr — Fc — Fp)
fs: g2 = Fq =Ry 4 Fra¢
fio: g3 =V = Fg¥/p

/

Examination of these equations shows that the following
set of inequality constraints is sufficient to guarantee that
all the constraints (5) are satisfied:

hy = Fre =0

hy=¢=0

hy=1—¢=0

hy=R3=0 { (23)
hs = Fre =0

hg=T — 580 =0

h; =680 —T =0

J

The original optimization problem in seventeen variables
with fourteen equality and nineteen inequality constraints
has now been converted into one in four variables with no
equalities and seven inequalities. Furthermore, all the con-
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straints except hy are rectangular in the design variables,
which greatly simplifies the task of finding an initial feasi-
ble solution and carrying out the optimization.

STABILITY

One drawback of minimal tear iteration schemes is that
the tear equations may be so far removed from the design
variable set that the functions involved become extremely
nonlinear. Thus, Frank (10) reported that the two tear
iteration scheme could not be made to converge for initial
guesses that were not close to the true solution for the
countercurrent-reactor example.

The relative stability of the iteration scheme developed
for this example in reference 8 suggests that the situation
might, in general, be improved by forcing equations in the
middle of the system into the tear set, if the initial order-
ing proves too unstable. This can be done by attaching to
each such equation a fake x node with only one edge. The
f node corresponding to the equation would then be re-
moved in the first pass, before any indexing occurs. This
procedure could form the basis of an algorithm which
would start with a minimal tear ordering and modify it
step-by-step until satisfactory stability is obtained.

EXTENSION TO MINIMUM RECYCLE PARAMETERS

Algorithm II-T may be modified to solve the problem
of finding minimum recycle parameters (8) by rewriting
criterion (14) as

Wi (Xri1)qg ~ w0 (Xrig)r 2k, — kg (24)

where w, (X;+y), is the number of incoming parameters
to node X, in subgraph Gg, which is zero if X,y is not
in Gq.

Indexing is performed by using those portions of al-
gorithm II-R of reference 8 which deletes nodes to head
and tail strings instead of algorithm I-T. Tears are counted
by modifying Equation (11) to

kr = k'r-l + w4 (XT)T—I (25)

As an example of the application of this algorithm,
consider a complete graph (9) on five nodes. Each node
has two input and output parameters; hence, the first pass
produces no simplification. Indexing on node 1 produces
a graph in which nodes 2 and 3 each have only one input
parameter. Indexing on node 2 gives the final order (1, 2,
3, 4, 5), with k = 3 recycle parameters. It is obvious
from symmetry that this is the minimum, but the algorithm
would have to try four more indexing sequences in order
to be sure. However, this does not seem an excessive
number of sequences; in problems with simpler structures,
many fewer sequences would be required in relation to
the number of nodes.

CONCLUSIONS

The use of recycle parameters and tearing is a potent
tool for simplifying the analysis of models of large systems
of interacting units, such as those found in chemical
process design. Tearing gives more insight into the alge-
braic structure of systems of equations and optimization
problems and is therefore more generally applicable to a
wide variety of systems.

The concept of indexing leads to computationally effi-
cient algorithms for determining an order of solution for
the system which yields the minimum number of tears or
of recycle parameters. These algorithms should be highly
useful in computer programs for the automatic solution of
complex problems.
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NOTATION

f = m dimensional vector of equality constraint func-
tions

fs = k dimensional vector of torn equation functions

G, = g index subgraph

Gy = initial graph of the system

g = (m — k) dimensional vector of equality constraint
functions

h = m, dimensional vector of inequality constraint
functions

k = number of torn equations-

k* = minimum value of k for a system, that is, k,*

knin = lower bound for k*

ky = number of tears required to reduce graph Gy to
subgraph G,

kq* = minimum number of tears to reduce subgraph G,
to the empty graph

N = total number of countercurrent reactor stages;

also, temporary storage for graph operations
T'n ~ N = set of nodes in graph T but not in graph N
w4 (A), = number of input parameters to unit A in index
subgraph G, for recycle calculations

X, = q*" index variable

X = n dimensional vector of process variables

X¢ = (n—m+ k) dimensional vector of design vari-
ables

xs = (m — k) dimensional vector of state variables

z(x) = (scalar) objective function

p(A) = local degree of node A in subgraph G, that is,
p(A)o

p(A), = local degree of node A in subgraph G,
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